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Abstract
The O’Hara energies, introduced by Jun O’Hara in 1991, were pro-
posed to answer the question of what is a “good” figure in a given knot
type. A property of the O’Hara energies is that the “better” the figure
of a knot is, the less the energy value is. In this article, we discuss two
topics on the O’Hara energies. First, we slightly generalize the O’Hara
energies and consider a characterization of its finiteness. The finiteness
of the O’Hara energies was considered by Blatt in 2012 who used the
Sobolev-Slobodeckii space, and naturally we consider a generalization of
this space. Another fundamental problem is to understand the minimiz-
ers of the O’Hara energies. This problem has been addressed in several
papers, some of them based on numerical computations. In this direction,
we discuss a discretization of the O’Hara energies and give some examples
of numerical computations. Particular one of the O’Hara energies, called
the Mo¨bius energy thanks to its Mo¨bius invariance, was considered by
Kim-Kusner in 1993, and Scholtes in 2014 established convergence prop-
erties. We apply their argument in general since the argument does not
rely on Mo¨bius invariance.
1 Introduction
The family of O’Hara energies were introduced by O’Hara [9, 10] and are defined
as
Eα,p(f) :=
∫∫
(R/LZ)2
(
1
‖f(s2)− f(s1)‖αRd
− 1
D(f(s1),f(s2))α
)p
ds2ds1,
where α, p ∈ (0,∞) are constants, f : R/LZ → Rd is a curve embedded in
Rd parametrized by arc-length with total length L, and D(f(s1),f(s2)) is the
intrinsic distance between f(s1) and f(s2). The purpose of these energies is to
give an answer to the question: “What is the most beautiful knot in a given
knot class ?” Therefore, the O’Hara energies were constructed so that the more
a knot is well-balanced, the less the energy is. Also, when we deform a knot, it is
not desirable that the knot class to which the knot belongs changes. Thus, these
energies were also constructed so that the energy value diverges if the curve has
self-intersection. A study of minimizers of the O’Hara energies under length
constraint were carried out in [1, 4, 11]. In particular, right circles attain the
minimum of these energies for α ∈ (0,∞) and p ∈ [1,∞) with 0 < α < 2 + 1/p.
Indeed, this result was shown by Adams et al. in [1] for the more general energy
EF (f) :=
∫∫
(R/LZ)2
F (‖f(s2)− f(s1)‖Rd ,D(f(s1),f(s2))ds2ds1,
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where F = F (x, y) is increasing and convex for x ∈ (0, y] and y ∈ (0,L/2). For
example, F (x, y) = (x−α− y−α)p satisfies this assumption when p ∈ [1,∞) and
0 < α < 2 + 1/p.
The purpose of this article is two-fold. Firstly, we study a slightly generalized
energy
EΦ,p(f) :=
∫∫
(R/LZ)2
(
1
Φ(‖f(s2)− f(s1)‖Rd)
− 1
Φ(D(f(s1),f(s2)))
)p
ds2ds1
under suitable assumptions on Φ, and we should see that such a generalization
brings out certain properties of Eα,p in a clearer manner. It is known that the
finiteness of Eα,p(f) implies bi-Lipschitz continuity and some regularity of f ,
see [2]. We generalize this fact to the case EΦ,p, and we clarify what properties
of Φ give rise to these properties of f . In particular, we define a function space
W k+Φ,p which is a generalization of the Sobolev-Slobodeckii space, and discuss
the relation between our new space and the domain of EΦ,p.
The second aim is to study energies for polygonal knots, that is, discretiza-
tion of the original energy. More precisely, a discrete version of Eα,p is proposed
together with some numerical results. Several discrete versions of the energy
E2,1, called the Mo¨bius energy, have been introduced earlier; one is by Kim-
Kusner [7], and another is by Simon [14]. Their convergence was shown by
Scholtes [13] and Rawdon-Simon [12] respectively. Although E2,1 is invariant
under Mo¨bius transformations (cf. [4]), the proof of the result of [13] did not
use the Mo¨bius invariance. Here, we extend the results by Kim-Kusner [7] and
Scholtes [13] to the case Eα,p, and improve the rate of convergence of E2,1.
2 A generalization of the O’Hara energy
Although minimizers of EF were obtained in [1], other fundamental properties
of EF have not been investigated in the existing literature. Here, we consider
the problem of characterizing the finiteness of generalized energies. At the level
of generality of EF , this seems to be a very difficult problem so we restrict
ourself to the case EΦ,p defined above, where p ∈ [1,∞) is a constant, and
Φ : [0,∞) → [0,∞) is a strictly increasing function such that Φ(0) = 0. Note
that finiteness of the O’Hara energies is discussed by Blatt in [2], where he
showed that if α ∈ (0,∞) and q ∈ [1,∞) satisfy 2 ≤ αp < 2p + 1, then
Eα,p(f) < ∞ if and only if f is bi-Lipschitz continuous and belongs to the
Sobolev-Slobodeckii space
W 1+σ,2p(R/LZ,Rd)
:=
{
f ∈W 1,2p(R/LZ,Rd)
∣∣∣∣∣
∫∫
(R/LZ)2
‖f ′(s2)− f ′(s1)‖2pRd
|s2 − s1|αp ds2ds1 <∞
}
,
where σ = (αp− 1)/(2p). Hence, to establish a condition for finiteness of EΦ,p,
it is natural to consider a generalization of the Sobolev-Slobodeckii space.
Definition 2.1. Let Ω be a non-empty subset of R. For p ∈ [1,∞), k ∈ N∪{0},
and measurable function Ψ : [0,∞)→ [0,∞), we define
W k+Ψ,p(Ω,Rd) := {f ∈W k,p(Ω,Rd) | [f (k)]Ψ,p <∞},
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where
[f (k)]Ψ,p :=
(∫∫
Ω×Ω
‖f (k)(s2)− f (k)(s1)‖pRd
Ψ(|s2 − s1|)p
1
|s2 − s1|ds2ds1
)1/p
.
We equip the space W k+Ψ,p with the norm
‖f‖Wk+Ψ,p := ‖f‖Wk,p + [f (k)]Ψ,p,
in which case it becomes a Banach space. Moreover, the dual space ofWΨ,p(Ω,Rd)
is characterized as the following proposition which may be proved by using the
argument of [8, pp. 38–42].
Proposition 1. Let Ω be a non-empty subset of R, and let Ψ : [0,∞)→ [0,∞)
be a measurable function. For p ∈ [1,∞), let q ∈ (1,∞] satisfy 1/p + 1/q = 1.
Then, for all T ∈ (WΨ,p(Ω,Rd))′, there exists (φ,ψ) ∈ Lq(Ω,Rd) × Lq(Ω ×
Ω,Rd) such that
‖T‖(WΨ,p(Ω))′ = max{‖φ‖Lq(Ω), ‖ψ‖Lq(Ω×Ω)}
and
T (f) =
∫
Ω
f(s)·φ(s)ds+
∫∫
Ω×Ω
(
f(s2)− f(s1)
Ψ(|s2 − s1|) ·ψ(s1, s2)
)
1
|s2 − s1|1/p ds2ds1
for any f ∈ WΨ,p(Ω,Rd). In particular, if 1 < p < ∞, then WΨ,p(Ω,Rd) is
reflexive.
In [2], it was shown that f is bi-Lipschitz continuous for all embedded regular
curves f ∈ C0,1(R/LZ,Rd) ∩W 1+Ψ,2p(R/LZ,Rd), which suggests that f does
not bend sharply. It is natural to expect that all embedded regular curves
belonging to the generalized Sobolev space are bi-Lipschitz; we confirm this
expectation with the following theorem which we establish by modifying the
argument of Blatt [2].
Theorem 2.2 (The bi-Lipschitz continuity). Let an increasing function Φ :
[0,∞) → [0,∞) satisfy Φ(0) = 0 and Φ(x) = O(x2/p) as x → +0 for p ∈
[1,∞). Set Ψ(x) := (x−1/pΦ(x))1/2. Assume that f belongs to C0,1(R/LZ,Rd)∩
W 1+Ψ,2p(R/LZ,Rd) whose image is a closed embedded curve in Rd parametrized
by arc-length. Then, f is bi-Lipschitz continuous.
Proof. We only have to prove that there exists Cb > 0 such that
‖f(s2)− f(s1)‖Rd ≥ CbD(f(s1),f(s2))
for s1, s2 ∈ R/LZ.
Note that there exists M , δ > 0 such that if x < δ, then we have Φ(x) ≤
Mx2/p because Φ(x) = O(x2/p) as x→ +0. By the assumption f ∈W 1+Ψ,2p(R/LZ,Rd),
we have
[f ′]2pΨ,2p =
∫
R/LZ
∫ L/2
−L/2
‖f ′(s1 + s2)− f ′(s1)‖2pRd
Φ(|s2|)p ds2ds1 <∞.
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Using Lebesgue’s dominated convergence theorem, we have
lim
r→+0
∫
R/LZ
∫ r
−r
‖f ′(s1 + s2)− f ′(s1)‖2pRd
Φ(|s2|)p ds2ds1 = 0.
Therefore, there exists η ∈ (0,min{δ, 1,L}/2) such that
sup
s∈R/LZ
∫ s+r
s−r
∫ r
−r
‖f ′(s1 + s2)− f ′(s1)‖2pRd
Φ(|s2|)p ds2ds1 ≤
1
22pMp
if r ≤ η. Hence, for s ∈ R/LZ and r ≤ η, we get
1
2r
∫ s+r
s−r
∥∥∥∥f ′(s1)− 12r
∫ s+r
s−r
f ′(s2)ds2
∥∥∥∥
Rd
ds1
≤ 1
4r2
∫ s+r
s−r
∫ s+r
s−r
‖f ′(s2)− f ′(s1)‖Rdds2ds1
≤
(
Φ(2r)p
4r2
∫ s+r
s−r
∫ s+r
s−r
‖f ′(s2)− f ′(s1)‖2pRd
Φ(|s2 − s1|)p ds2ds1
)1/2p
≤ 1
2
.
Now, let s1, s2, s3 ∈ R/LZ with |s2 − s1| = 2r (≤ 2η) and D(f(s1),f(s3)) =
D(f(s3),f(s2)). Then, we have
‖f(s2)− f(s1)‖Rd = sup
‖x‖Rd≤1
∫ s3+r
s3−r
f ′(s) · xds
= 2r + sup
‖x‖Rd≤1
∫ s3+r
s3−r
f ′(s) · (f ′(s)− x)ds
≥ 2r − inf
‖x‖Rd≤1
∫ s3+r
s3−r
‖f ′(s)− x‖Rdds
=
(
1− inf
‖x‖Rd≤1
1
2r
∫ s3+r
s3−r
‖f ′(s)− x‖Rdds
)
|s2 − s1|
≥ 1
2
|s2 − s1|
because ∥∥∥∥ 12r
∫ s3+r
s3−r
f(s)ds
∥∥∥∥
Rd
≤ 1.
Next, we consider the case where D(f(s1),f(s2)) ≥ 2η. Let
Iη := {(s1, s2) ∈ (R/LZ)2 |D(f(s1),f(s2)) ≥ 2η}.
Then, we have
Cηb := inf
(s1,s2)∈Iη
‖f(s2)− f(s1)‖Rd
D(f(s1),f(s2))
> 0
because f has no self-intersection. Therefore, we obtain
‖f(s2)− f(s1)‖Rd ≥ CηbD(f(s1),f(s2)).
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Using the space W k+Ψ,2p, we establish the following theorem concerning the
finiteness of the energies EΦ,p.
Theorem 2.3 (Finiteness of EΦ,p(f)). Let p ∈ [1,∞), and let f ∈ C0,1(R/LZ,Rd)
be a function whose image is a closed curve parametrized by arc-length embed-
ded in Rd with total length L. Assume that a measurable function Φ : [0,∞)→
[0,∞) satisfies the following.
(A0) Φ(0) = 0, Φ ∈ C1, and Φ′(x) > 0 for x > 0.
(A1) There exists K > 0 such that lim
x→+0
G(x) = K, where G(x) :=
xΦ′(x)
Φ(x)
.
(A2) There exists a measurable function ϕ : [0,∞)→ [0,∞) such that
(A2-1) Φ(kx) ≤ ϕ(k)Φ(x) for k, x ≥ 0,
and M(a) :=
∫ a
0
ϕ(t)p
t
dt (a > 0) satisfies
(A2-2) M(ε) = o(ε) as ε→ +0,
(A2-3) M(a) <∞ for a > 0.
(A3)
∫ a
0
t2p
Φ(t)p
dt <∞ for a > 0.
Set Ψ(x) :=
(
Φ(x)
x1/p
)1/2
for x > 0. Then, we have the following two properties.
1. If f ∈W 1+Ψ,2p(R/LZ,Rd) and f is bi-Lipschitz continuous, then we have
EΦ,p(f) <∞.
2. If EΦ,p(f) <∞, then f belongs to W 1+Ψ,2p(R/LZ,Rd).
Moreover, there exists C > 0 depending only p, L, and Φ such that
‖f ′‖2p
WΨ,2p
≤ C(EΦ,p(f) + ‖f ′‖L2p). (2.1)
Remark 1. Suppose we assume
(A2-2)′ ϕ(x) = O(x2/p) as x→∞
instead of (A2-2) in Theorem 2.3. Then, we have M(ε) = o(ε) as ε → +0,
and using the argument of [11], we can prove that f is bi-Lipschitz continu-
ous if EΦ,p(f) < ∞. Thus, it holds that EΦ,p(f) < ∞ if and only if f ∈
W 1+Ψ,2p(R/LZ,Rd) ∩ C0,1(R/LZ,Rd) and f is bi-Lipschitz continuous.
The following table shows ranges of α satisfying the assumptions of Theorems
2.2 or 2.3, which contains some examples of Φ. The column “Remark 1” shows
ranges of α satisfying (A0), (A1), (A2-1), (A2-2)′, (A2-3), and (A3).
Notation. For s1, s2 ∈ R/LZ and v : R/LZ → Rd, we write ∆s2s1v := v(s2)−
v(s1).
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Φ(x) = xα Φ(x) = xα log(x + 1) Φ(x) = 1− e−xα + x2α/2
Theorem 2.2 [2/p,∞) [2/p− 1,∞) [1/p,∞)
Theorem 2.3 (1/p, 2 + 1/p) (1/p, 1/p + 1) (1/p, 2 + 1/p)
Remark 1 [2/p, 2 + 1/p) [2/p, 1/p + 1) [2/p, 2 + 1/p)
(p > 1)
Table 1: Examples of Φ
The proof of Theorem 2.3 is based on an argument by Blatt [2]. Before
proving Theorem 2.3, we establish the following lemma which is used in proof
of inequality (2.1). Let
E˜Φ,p(g) :=
∫
R/LZ
∫ L/2
−L/2
(∫ 1
0
∫ 1
0
‖∆s1+s4s2s1+s3s2g‖Rdds4ds3
)p
Φ(|s2|)p ds2ds1
for g : R/LZ→ Rd.
Lemma 2.4. There exists C = C(p,L,Φ) > 0 such that
[g]2pΨ,2p ≤ C
(
E˜Φ,p(g) + ‖g‖2pL2p
)
for all almost-everywhere continuous functions g : R/LZ→ Rd.
Proof. First, we consider the case where g ∈ C∞(R/LZ,Rd). For ε ∈ (0, 1), we
decompose
[g]2pΨ,2p = J
1
ε (g) + J
2
ε (g),
where
J1ε (g) :=
∫
R/LZ
∫
|s2|≥εL/2
‖∆s1+s2s1 g‖2pRd
Φ(|s2|)p ds2ds1,
J2ε (g) :=
∫
R/LZ
∫
|s2|≤εL/2
‖∆s1+s2s1 g‖2pRd
Φ(|s2|)p ds2ds1.
Now, we have
J1ε (g) ≤
22pL
Φ(εL)‖g‖
2p
L2p
because Φ is an increasing function. As in [2], it is not difficult to see
ε2pJ2ε (g) ≤ 3p(K1ε (g) +K2ε (g) +K3ε (g)),
where
K1ε (g) :=
∫
R/LZ
∫
|s2|≤εL/2
(∫ ε
0
∫ 1
1−ε ‖∆s1+s2s1+s4s2g‖2Rdds4ds3
)p
Φ(|s2|)p ds2ds1,
K2ε (g) :=
∫
R/LZ
∫
|s2|≤εL/2
(∫ ε
0
∫ 1
1−ε ‖∆s1+s4s2s1+s3s2g‖2Rdds4ds3
)p
Φ(|s2|)p ds2ds1,
K3ε (g) :=
∫
R/LZ
∫
|s2|≤εL/2
(∫ ε
0
∫ 1
1−ε ‖∆s1+s3s2s1 g‖2Rdds4ds3
)p
Φ(|s2|)p ds2ds1.
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By the definition of E˜Φ,p(g), we have K2ε (g) ≤ E˜Φ,p(g). Moreover, we have
K3ε (g) = ε
p
∫
R/LZ
∫
|s2|≤εL/2
(∫ ε
0
‖∆s1+s3s2s1 g‖2pRdds3
)p
Φ(|s2|)p ds2ds1
≤ ε2p−1
∫
R/LZ
∫ ε
0
∫
|s2|≤εL/2
‖∆s1+s3s2s1 g‖2pRd
Φ(|s2|)p ds2ds3ds1
= ε2p−1
∫
R/LZ
∫ ε
0
∫
|s2|≤s3εL/2
‖∆s1+s˜2s1 g‖2pRd
Φ(|s˜2|/s3)ps3 ds˜2ds3ds1
≤ ε2p−1
∫
R/LZ
∫ ε
0
∫
|s2|≤s3εL/2
ϕ(s3)
p
s3
‖∆s1+s˜2s1 g‖2pRd
Φ(|s˜2|)p ds˜2ds3ds1
≤M(ε)ε2p−1J2ε (g)
by Ho¨lder’s inequality, Fubini’s Theorem, and (A2-1). Also, we have K1ε (g) =
K3ε (g) by a change of variables. Hence, we get
J2ε (g) ≤
3p
ε2p
E˜Φ,p(g) + 3p · 2M(ε)
ε
J2ε (g).
Now, we can take ε sufficiently small satisfying
3p · 2M(ε)
ε
< 1
by (A2-2). Then, we get
J2ε (g) ≤ C(p, ε, ϕ)E˜Φ,p(g)
because J2ε (g) <∞ by g ∈ C∞(R/LZ,Rd) and because of (A3), where C(p, ε, ϕ)
is a positive constant. Therefore, we obtain
[g]2pΨ,2p ≤
22pL
Φ(εL/2)‖g‖
2p
L2p + C(p, ε, ϕ)E˜Φ,p(g).
Next, we consider the case where g is an almost everywhere continuous
function. Let φ ∈ C∞0 (R) with suppφ ⊂ [−L/2,L/2] and∫ L/2
−L/2
φ(x)dx = 1,
and define φε(x) := ε
−1φ(x/ε) for x ∈ R. Set
gε(s) :=
∫ L/2
−L/2
φε(s)g(s+ x)ds.
Then, we have
[gε]
2p
Ψ,2p ≤
22pL
Φ(εL/2)‖gε‖
2p
L2p + C(p, ε, ϕ)E˜Φ,p(gε)
because gε ∈ C∞. Also, we have
‖gε‖L2p = ‖g‖L2p , E˜Φ,p(gε) ≤ E˜Φ,p(g).
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Hence, we get
‖gε‖2pWΨ,2p ≤ 22p−1
{(
1 +
22pL
Φ(εL/2)
)
‖g‖2pL2p + C(p, ε, ϕ)E˜Φ,p(g)
}
,
and we can see {gε}ε>0 is a WΨ,2p-bounded sequence. By reflexivity of WΨ,2p,
there exists a subsequence {gεj}∞j=0 such that
gεj ⇀ g
as j →∞. Therefore, we obtain
[g]2pΨ.2p ≤ ‖g‖2pWΨ,2p ≤ lim infj→∞ ‖gεj‖
2p
WΨ,2p
≤ 22p−1
{(
1 +
22pL
Φ(εL/2)
)
‖g‖2pL2p + C(p, ε, ϕ)E˜Φ,p(g)
}
by lower semi-continuity of a weakly convergent sequence.
Proof of Theorem 2.3. For ε ∈ (0,L/2), let
EΦ,pε (f) :=
∫
R/LZ
∫
ε≤|s2|≤L/2
(g|s2|(‖∆s1+s2s1 f‖Rd))pds2ds1.
Then, we have EΦ,p(f) = limε→+0 EΦ,pε (f). By the mean value theorem, for
s1 ∈ R/LZ, ε ≤ |s2| ≤ L/2, there exists θ = θ(s1, s2) ∈ (‖∆s1+s2s1 f‖Rd , |s2|)
such that
g|s2|(‖∆s1+s2s1 f‖Rd) = −g′|s2|(θ)(|s2| − ‖∆s1+s2s1 f‖Rd). (2.2)
By (A1), for all η > 0, there exists δ > 0 such that if 0 < x < δ then we have
K − η ≤ G(x) ≤ K + η.
First, we assume that f is bi-Lipschitz continuous and belongs toW 1+Ψ,2p(R/LZ,Rd).
By Ho¨lder’s inequality and (2.2), we have
EΦ,pε (f) =
∫
R/LZ
∫
ε≤|s2|≤L/2
(g|s2|(‖∆s1+s2s1 f‖Rd)pds2ds1
=
∫
R/LZ
∫
ε≤|s2|≤L/2
{−g′|s2|(θ)(|s2| − ‖∆s1+s2s1 f‖Rd)}pds2ds1
≤ 1
2p
∫
R/LZ
∫
ε≤|s2|≤L/2
∫ 1
0
∫ 1
0
(−g′|s2|(θ)|s2|)p‖∆s1+s3s2s1+s4s2f ′‖2pRdds4ds3ds2ds1.
By the bi-Lipschitz continuity of f and (A2-1), we have
−g′|s2|(θ)|s2|Φ(|s4 − s3||s2|) ≤ CbG(θ)ϕ(Cb|s4 − s3|)
for s1 ∈ R/LZ, ε ≤ |s2| ≤ L/2, s3, s4 ∈ [0, 1], where Cb > 0 is the bi-Lipschitz
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constant of f . By (A2-3) and Fubini’s theorem, we have∫
R/LZ
∫
ε≤|s2|≤L/2
∫ 1
0
∫ 1
0
(−g′|s2|(θ)|s2|)p‖∆s1+s3s2s1+s4s2f ′‖2pRdds4ds3ds2ds1
≤ Cpb
∫
R/LZ
∫ L/2
−L/2
∫ 1
0
∫ 1
0
G(θ)pϕ(Cb|s4 − s3|)p
‖∆s1+s4s2s1+s3s2f ′‖2pRd
Φ(|s4 − s3||s2|)p ds4ds3ds2ds1
= Cpb
∫ 1
0
∫ 1
0
ϕ(Cb|s4 − s3|)p
∫ L/2
−L/2
∫
R/LZ
G(θ)p
‖∆s1+s4s2s1+s3s2f ′‖2pRd
Φ(|s4 − s3||s2|)p ds1ds2ds3ds4
= Cpb
∫ 1
0
∫ 1
0
ϕ(Cb|s4 − s3|)p
|s4 − s3|
×
∫
|s4−s3|ε≤|t2|≤|s4−s3|L/2
∫
R/LZ
G(θ˜)p
‖∆t1+t2t1 f ′‖2pRd
Ψ(|t2|)p
1
|t2|dt1dt2ds3ds4,
where s1, s2 are transformed into t1 = s1 + s3s2, t2 = (s4 − s3)s2, and we set
θ˜ = θ˜(t1, t2) = θ(s1, s2) in the last equality. We take ε > 0 satisfying ε ≤ δ. For
s3, s4 ∈ [0, 1], we decompose∫
|s4−s3|ε≤|t2|≤|s4−s3|L/2
∫
R/LZ
G(θ˜)p
‖∆t1+t2t1 f ′‖2pRd
Ψ(|t2|)p
1
|t2|dt1dt2 = I
1
ε,δ(f
′)+I2ε,δ(f
′),
where
I1ε,δ(f
′) :=
∫
|s4−s3|ε≤|t2|≤|s4−s3|δ
∫
R/LZ
G(θ˜)p
‖∆t1+t2t1 f ′‖2pRd
Ψ(|t2|)p
1
|t2|dt1dt2
I2ε,δ(f
′) :=
∫
|s4−s3|δ≤|t2|≤|s4−s3|L/2
∫
R/LZ
G(θ˜)p
‖∆t1+t2t1 f ′‖2pRd
Ψ(|t2|)p
1
|t2|dt1dt2.
If |s4−s3|ε ≤ |t2| ≤ |s4−s3|δ, we have G(θ˜) ≤ K+η because 0 < θ˜ ≤ δ. Hence,
we get
I1ε,δ(f
′) ≤ (K + η)p[f ′]2pΨ,2p.
If |s4− s3|δ ≤ |t2| ≤ |s4− s3|L/2, then we have C−1b δ ≤ θ˜ ≤ L/2. Hence, we get
I2ε,δ(f
′) ≤ Gpδ [f ′]2pΨ,2p,
where Gδ := maxx∈[C−1b δ,L/2]G(x). By (A3), we obtain
EΦ,pε (f) ≤
Cpb
2p
{(K + η)p +Gpδ}M(Cb)[f ′]2pΨ,2p <∞
for all ε ≤ δ. Thus it holds that EΦ,p(f) <∞.
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Next, we assume EΦ,p(f) <∞. Then, we have
∞ > EΦ,p(f) =
∫
R/LZ
∫ L/2
−L/2
(g|s2|(‖∆s1+s2s1 f‖Rd)pds2ds1
=
∫
R/LZ
∫ L/2
−L/2
{−g′|s2|(θ)(|s2| − ‖∆s1+s2s1 f‖Rd)}pds2ds1
≥ 1
4p
∫
R/LZ
∫ L/2
−L/2
(
G(θ)
∫ 1
0
∫ 1
0
‖∆s1+s4s2s1+s3s2f ′‖Rdds4ds3
)p
ds2ds1
≥ (K + G˜δ)
p
4p
E˜Φ,p(f ′),
where G˜δ := minx∈[C−1b δ,L/2]G(x). Hence, we get inequality (2.1) because it
holds that
‖f ′‖WΨ,2p ≤ Cg
(
‖f ′‖L2p + E˜Φ,p(f ′)
)
≤ Cg
(‖f ′‖L2p + EΦ,p(f))
by Lemma 2.4, where Cg is a positive constant depending only p, L, and Φ
and which may not be the same in each case. Therefore, we obtain f ∈
W 1+Ψ,2p(R/LZ,Rd).
3 A discretization of the O’Hara energies
Although minimizers of the O’Hara energies were studied, it is difficult to cal-
culate the O’Hara energies directly, and as a result, it is not easy to evaluate
well-balancedness. In [7], Kim and Kusner considered a discretization of the
Mo¨bius energy and numerically calculated values of Mo¨bius energy of torus
knots. Scholtes [13] discussed convergence of Kim-Kusner’s discretization, but
he did not use the Mo¨bius invariance. Therefore, we expect that we can con-
sider convergence of a discretization of not only Mo¨bius energy but also the
other O’Hara energies Eα,p. Actually, in [6], a discretization of the O’Hara en-
ergies was defined, and convergence of this discretization were discussed. In
this section, we mention the result of [6] and give some examples of numerical
calculations of this discretization.
From now on, we write σ = (αp−1)/(2p) for α ∈ (0,∞) and p ∈ [1,∞) with
2 ≤ αp < 2p + 1. Also, we call an n-gon a polygon with n edges. For a given
regular curve f , we say that a polygon p is inscribed in f if p satisfies
(i) the number of vertices is finite.
(ii) the set of vertices is {f(b1), . . . ,f(bn)} with b1 < · · · < bn(< b1 + L),
(iii) the k-th edge is the segment jointing f(bk) and f(bk+1), where we interpret
bn+1 = b1.
For α, p ∈ (0,∞), our discretization of the O’Hara energies is defined by
Eα,pn (pn) :=
n∑
i,j=1
i6=j
(
1
‖pn(aj)− pn(ai)‖αRd
− 1
D(pn(ai),pn(aj))
α
)p
× ‖pn(ai+1)− pn(ai)‖Rd‖pn(aj+1)− pn(aj)‖Rd ,
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where pn : R/LZ → Rd is an n-gon parametrized by arc-length whose total
length is Ln, and aj is the value of arc-length parameter corresponding to vertex
of pn and we assume 0 ≤ a1 < · · · < an < Ln (modLn).
The following theorem obtained in [6] gives us convergence of our discretiza-
tion as n→∞ and the rule of convergence.
Theorem 3.1 (Approximation of the O’Hara energies by inscribed polygons,
[6]). Assume that α ∈ (0,∞) and p ∈ [1,∞) satisfy 2 ≤ αp < 2p + 1. Let
f ∈ C1,1(R/LZ,Rd) be a function which image is a closed curve parametrized
by arc-length embedded in Rd, where L is the length of f . Let c, c¯ > 0, and set
K = ‖f ′′‖L∞(R/LZ,Rd).
In addition, for n ∈ N, let {bk}nk=1 be a partition of R/LZ satisfying
cL
n
≤ ‖f(bk+1)− f(bk)‖Rd ≤
c¯L
n
,
and let pn be the inscribed polygon in f with vertices f(b1), . . ., f(bn). Then,
if the number n of points of the division is sufficiently large, there exists C > 0
such that
|Eα,p(f)− Eα,pn (pn)| ≤ C
1
n2p−αp+1
.
Moreover, if f ∈W 1+σ,2p(R/LZ,Rd), we have
lim
n→∞ E
α,p
n (pn) = Eα,p(f).
Moreover, we obtained the Γ-convergence of Eα,pn to Eα,p as n→∞ in [6].
Theorem 3.2 (Γ-convergence of Eα,pn , [6]). Let α ∈ (0,∞) and p ∈ [1,∞) with
2 ≤ αp < 2p + 1. Then, it holds that Eα,pn Γ-converges to Eα,p on the metric
space X given by
X :=
((C(K) ∩ C1(R/LZ,Rd)) ∪ ⋃
n∈N
Pn(K), dX
)
.
Here, K is a tame knot class, C(K) is the set of simply closed curves of length
1 belonging to K, Pn(K) is the set of equilateral n-gons with total length 1
belonging to K, and the metric dX is such that, for some constants C1, C2 > 0,
we have
C1‖f − g‖L1 ≤ dX(f , g) ≤ C2‖f − g‖W 1,∞
for f , g ∈ X.
By the property of Γ-convergence (e.g. in [3]), the minimum values of Eα,pn
converge to that of Eα,p which is attained by a right circle (cf. [1]). Thus, it is
natural to consider minimizers of Eα,pn . In [6], we can completely characterize
minimizers of a generalized discrete functional defined by
EFn (pn) :=
n∑
i,j=1
i 6=j
F (‖pn(aj)− pn(ai)‖Rd ,D(pn(ai),pn(aj)))
× ‖pn(ai+1)− pn(ai)‖Rd‖pn(aj+1)− pn(aj)‖Rd ,
where pn is an n-gon with total length 1, and F is a real-valued function on
Ω := {(x, y) ∈ R2 | 0 < x ≤ y}.
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Theorem 3.3 (Minimizers of EFn , [6]). Assume that F : Ω→ R is such that if
we set gy(u) = F (
√
u, y) for u ∈ (0, y2] and y ∈ (0, 1/2), then gy is decreasing
and convex. Moreover, for 0 < a < b, set [a]b := min{a, b − a}. Then, if pn is
an equilateral polygon, we have
EFn (pn) ≥
1
n
n−1∑
k=1
F
(
sin([k]npi/n)
n sin(pi/n)
,D(pn(ak),pn(a0))
)
and the minimizers of EFn are regular n-gons.
If we set F (x, y) := (x−α − y−α)p, then EFn corresponds to Eα,pn . Then, we
get the following corollary.
Corollary 1. Let α ∈ (0,∞) and p ∈ [1,∞). Then, minimizers of Eα,pn in the
set of equilateral n-gons are regular polygons. In particular, a regular polygon
with n edges is the only minimizer up to congruent transformations and similar
transformations.
Remark 2. There do not exist minimizers of Eα,pn in the set of all n-gons
which are not necessarily equilateral. Indeed, considering an (n − 1)-gon as a
degenerate n-gon, we have
0 ≤ inf
n-gon
Eα,pn ≤ inf
(n−1)-gon
Eα,pn−1 ≤ · · · ≤ inf
3-gon
Eα,p3 ,
and because Eα,p3 (p3) = 0 for all 3-gons p3, we obtain
inf
n-gon
Eα,pn = 0.
Next, we show some examples of numerical experiments. Let gn be a regular
n-gon. By the property of Γ-convergence and Corollary 1, we have
inf Eα,p = lim
n→∞ E
α,p
n (gn),
where 2 ≤ αp < 2p+ 1, and the infimum in the left-hand side is taken over the
space of all embedded curves in Rd. Therefore, considering [1], we can calculate
the O’Hara energy of a right circle numerically by increasing the number of
vertices n in Eα,pn (gn). Moreover, we calculate energies L(gn)αp−2Eα,pn (gn),
where L(gn)αp−2 is the total length of gn, because the factor L(gn)αp−2 makes
these energies scale invariant. Note that in [5], the values of the O’Hara energy
Eα,1 (2 ≤ α < 3) of a right circle f0 are obtained and expressed by
Eα,1(f0) =
1
(α− 1)L(f0)α−2
{
(α− 2)piα−1/2Γ((3− α)/2)
Γ((4− α)/2) + 2
α
}
.
Here, we compare L(gn)α−2Eα,1n (gn) with L(f0)α−2Eα,1(f0), and we tabulate
the result of numerical calculation when α = 2, 2.1, 2.3, 2.5, 2.7, 2.9 in Table
2. It follows from Theorem 3.1 that the convergence becomes slow, when α
approaches to 3. We can see this fact from Table 2. Moreover, we investigate
the behavior of
eα(n) := n
α−2 ∣∣L(f0)α−2Eα,1(f0)− L(gn)α−2Eα,1n (gn)∣∣
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Number of α
vertices n 2 2.1 2.3 2.5 2.7 2.9
4 1 1.147365 1.500936 1.949372 2.516555 3.232177
8 2.325253 2.739102 3.780728 5.187945 7.085586 9.640817
16 3.134412 3.754475 5.372714 7.672833 10.95137 15.64031
32 3.562332 4.320470 6.363289 9.408493 13.99728 20.99456
64 3.780229 4.626457 6.969742 10.61781 16.42130 25.87401
128 3.889916 4.790718 7.341313 11.46626 18.37252 30.38526
256 3.944913 4.878765 7.569466 12.06415 19.95194 34.58121
512 3.972446 4.925946 7.709746 12.48634 21.23325 38.49223
1024 3.986220 4.951228 7.796054 12.78472 22.27356 42.14019
2048 3.993109 4.964776 7.849171 12.99567 23.11844 45.54354
D 4096 3.996555 4.972036 7.881865 13.14482 23.80467 48.71889
8192 3.998277 4.975926 7.901990 13.25028 24.36205 51.68157
16384 3.999139 4.978011 7.914378 13.32485 24.81478 54.44584
32768 3.999569 4.979129 7.922004 13.37758 25.18251 57.02499
65536 3.999785 4.979727 7.926698 13.41487 25.48120 59.43143
131072 3.999892 4.980048 7.929588 13.44124 25.72381 61.67671
262144 3.999946 4.980220 7.931366 13.45988 25.92087 63.77161
524288 3.999973 4.980312 7.932461 13.47306 26.08094 65.72639
1048576 3.999987 4.980362 7.933135 13.48238 26.21093 67.55013
2097152 4.000004 4.980401 7.933568 13.48900 26.31651 69.25143
4194304 3.999997 4.980402 7.933807 13.49362 26.40257 70.84417
Analytic values 4 4.980419 7.934215 13.50489 26.77342 92.95965
D/A 0.999999 0.999997 0.999949 0.999166 0.986148 0.762096
Table 2: Numerical calculation of L(f0)α−2Eα,1(f0) when 2 ≤ α < 3 (D: Values
of discretization, D/A: Divisions of value of discretization when n = 4194304
by analytic value)
when number of vertices n increases, where 2 ≤ α < 3. We expect that eα(n)
converges to a constant if the order of convergence in Theorem 3.1 is optimal,
and we can see that this conjecture seems to be true in Figure 1.
Now, we show some interesting examples of Eα,pn (gn) when the number of
vertices n is not so large. As we can see in Figure 2, L(g2k)58E2,302k (g2k) for k ∈ N
takes the maximum value at k = 4, and the larger the value that p takes, the
larger the maximum value is. Therefore, we show a figure of E2,30n (gn) for n ≥
100 in Figure 3. Note that L(g2`+1)58E2,302`+1(g2`+1) for ` ≥ 2 is monotonically
increasing. However, L(g2`)58E2,302` (g2`) for ` ≥ 2 takes the maximum at ` = 10
(n = 20) and is decreasing to the value of L(f0)58E2,30(f0) when ` ≥ 10. The
cause of this phenomena we think is as follows: when n is much less than 20,
the discrete energy is a summation which consists of a small number of terms
with large value. On the other hand, when n is much larger than 20, the
discrete energy is a summation which consists of a large number of terms with
small value. If n is around 20, then the number of terms and the size of each
term might make the energy large. This phenomena will be remarkable when p
becomes large. To the auther, the reason seems to be as follows: when p is large,
the difference of the size of the terms becomes bigger. Moreover, we observe
from Figure 3 that the energy with even n is larger than that with odd n. The
energy density becomes large when the difference between the intrinsic distance
and the extrinsic distance is large. The difference maximizes when two points
are antipodal, which is a situation that occurs only when n is even.
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α = 2 α = 2.1 α = 2.3
α = 2.5 α = 2.7 α = 2.9
Figure 1: Graphs of eα(n) (The vertical and horizontal axes show values of
eα(n) and numbers of vertices n = 2
k (k = 2, 3, · · · , 20), respectively)
Figure 2: Values of E2,30
2k
(g2k) Figure 3: Values of E2,30n (gn) when
n ≤ 100 (Blue, round points and
orange, diamond points show val-
ues when n is even and odd, respec-
tively)
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4 Conclusions and future work
In Section 2, we considered the generalized O’Hara energy EΦ,p and character-
ized the finiteness of these energies by using the generalized Sobolev-Slobodeckii
space W 1+Ψ,2p. However, several problems concerning EΦ,p remain open, e.g.,
conditions which EΦ,p is the knot energy (with regard to the definition, see
[10]), and the existence of minimizers of EΦ,p in a given knot type. In Section
3, we discussed a discretization defined in [6] of not only the Mo¨bius energy
but also the O’Hara energy and numerically calculated the energy values of a
right circle. Several researchers have considered numerical calculations of Eα,1
of not only a circle but also various knots. However, numerical calculation of
Eα,p (p > 1), except a right circle, is yet to be carried out; this will be addressed
om forthcoming work of the author.
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